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NUMERICAL SOLUTIONS OF KMJDSEN FLOW 

ENTERING A CIRCULAR TUBE THROUGH 

A SMALL AXIAL ORIFICE 

The problem of determining Knudsen flow f l u x  d i s t r ibu t ions  i n  ce r t a in  models 
per t inent  t o  e l e c t r i c  rocket t h rus to r  design i s  discussed. A bas i c  model of c i r ­
cu lar  cross  section i s  es tab l i shed  i n  which p a r t i c l e s  a re  assumed t o  en ter  one 
end through a small o r i f i c e  and leave the  other  end, which i s  wholly open. 

Analyses are  given f o r  t h e  cases of diffuse and specular r e f l ec t ions  from 
the  walls.  For di f fuse  re f lec t ion ,  the  r e su l t i ng  i n t e g r a l  equations a re  solved 
by an i t e r a t i v e  procedure on an I B M  7094 computer. Flux d i s t r ibu t ions  a re  pre­
sented f o r  the  r e a r  w a l l ,  t he  s ide w a l l ,  and the  open end of t h e  bas ic  model. 
For the  case of specular re f lec t ion ,  approximate solut ions a re  obtained by a 
method of ray t racing.  The specular-ref lect ion ana lys i s  i s  extended t o  complex 
models t h a t  c losely approximate f i v e  var ia t ions  of an electron-bombardment ion  
thrus tor .  Flux d i s t r ibu t ions  f o r  these models a re  found t o  be r e l a t i v e l y  insen­
s i t i v e  t o  changes i n  propel lant-dis t r ibutor  geometry. 

INTRODUCTION 

The subject of  r a r e f i ed  gas dynamics i s  receivlng grea te r  a t t en t ion  i n  re­
cent years, l a rge ly  because of t he  intense i n t e r e s t  i n  exploration of outer 
space. In  the  study of e l e c t r i c  propulsion, f o r  example, a knowledge of t he  ar­
r i v a l  r a t e  per un i t  area, or f l u x  d is t r ibu t ion ,  of r a re f i ed  gases i s  of value i n  
predict ing th rus to r  performance. I n  general, a l imi ted  number of solut ions t o  
f lux-d is t r ibu t ion  problems i s  ava i lab le  i n  the  l i t e r a t u r e .  Solutions a r e  
l a rge ly  dependent on the  assumed mode of surface r e f l ec t ion  and on the  geometry 
of t he  model under consideration. 

The study of free-molecule flow, o r  Xnudsen flow, i n  tubes of r igh t - c i r cu la r  
cross  sect ion has perhaps received t h e  most a t t en t ion  and dates  back t o  the  ea r ly  
work of Knudsen and Clausing. More recent ly  severa l  others  have invest igated 
t h i s  problem. Solutions t o  the  " i n f i n i t e  tube" problem a re  avai lable  i n  most 
t e x t s  on k i n e t i c  theory (e.g., r e f .  1). Solutions of e f f lux  pa t te rns  from short  
tubes a re  presented i n  reference 2. I n  reference 3, perhaps t h e  most comprehen­
sive work of recent  date on the  Knudsen flow problem, the  tube flow problem, 
among many others,  i s  discussed. Other inves t iga tors  have studied spec ia l  varia­
t i o n s  of t he  tube flow problem. For example, i n  reference 4, t h e  problem of de­
termining the  pumping speed of a c i r c u l a r  aperture i n  a diaphragm across an in-



f i n i t e  tube i s  studied. Recently, so lu t ions  f o r  molecular-flow flux d is t r ibu­
t i o n s  i n  r igh t -c i rcu lar  tubes ( r e f .  5) and i n  tapered tubes ( r e f .  6 )  have been 
presented. 

P a r t i c l e  behavior i n  the  free-molecule flow regime i s  of i n t e r e s t  i n  the  
f i e l d  of e l e c t r i c  propulsion because, frequently,  propellant-mass flow rates i n  
e l e c t r i c  rocket t h rus to r s  are such t h a t  p a r t i c l e  dens i t i e s  are very low. Deter­
mining the flux d i s t r ibu t ions  of i n t e re s t ,  however, i s  seldom a straightforward 
matter. A n  e l e c t r o s t a t i c  ion  th rus to r  t h a t  exemplifies t h e  problem i s  shown i n  
f igu re  1. Deta i l s  of i t s  operation and performance were first reported i n  r e fe r ­
ence 7 and w i l l  be mentioned here briefly f o r  o r i en ta t ion  purposes only. Neutral  
propel lant  vapor passes from t h e  vaporizer, through an o r i f i ce ,  and i n t o  t h e  ion  
chamber. The propel lant  i s  ionized and a plasma i s  formed. By v i r t u e  of a po­
t e n t i a l  difference maintained between the  screen and t he  acce lera tor  grid,  ions 
a re  extracted,  accelerated,  and exhausted. 

The purpose of this repor t  i s  t o  determine t h e  neutral-par t ic le  f l u x  distri­
but ions of ce r t a in  axisymmetric models that a r i s e  i n  connection w i t h  th i s  ion­
th rus to r  configuration. Two analyses are made of a model consis t ing of a r igh t -
c i r c u l a r  cylinder i n  which p a r t i c l e s  en te r  at  one end through a small o r i f i c e  on 
the  a x i s  and leave t h e  downstream end, which i s  wholly open. The difference be­
tween the  two analyses stems f romthe  mode of surface r e f l e c t i o n  assumed: d i f ­
fuse or specular. Solutions of f l u x  d i s t r ibu t ions  are obtained on an IBM 7094 
computer. Because of i t s  r e l a t i v e  simplicity,  t he  specular-reflection ana lys i s  
i s  extended t o  models t h a t  a re  representa t ive  of t he  ion-thrustor configuration 
discussed. 

MODEL AND ASSUMPTIONS 

The bas ic  model from which the  two analyses a r e  developed i s  shown i n  
sketch (a) .  

Rear w a l l 7f \  

P a r t i c l e s  en ter  t he  r ight-circular ,  cy l ind r i ca l  enclosure through a s m a l l ,  
t h i n . o r i f i c e  located on the  axis at  the  rear w a l l .  The source of t he  enter ing 
p a r t i c l e s  i s  considered t o  be a la rge  chamber i n  which the gas i s  i n  equilibrium. 
The enter ing p a r t i c l e  flux i s  assumed uniform across  the  o r i f i c e  opening. The 
pressure downstream of t h e  open end i s  assumed zero except f o r  t h a t  contr ibut ion 
t h a t  a r i s e s  from t h e  leaving pa r t i c l e s .  I n  one analysis,  r e f l e c t i o n s  f r o m t h e  
w a l l s  are assumed diffuse; i n  the other,  specular. I n  both analyses, t h e  enter­
ing f l u x  from the  o r i f i c e  i s  assumed t o  follow t h e  cosine l a w  d i s t r ibu t ion  and 
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t h e  p a r t i c l e  arrival rate a t  t h e  w a l l s  i s  assumed equal t o  t h e  leaving r a t e .  The 
p a r t i c l e  mean f r e e  path i s  assumed s u f f i c i e n t l y  l a r g e  t o  ensure free-molecule 
flow everywhere within t h e  model. 

F u l l  consideration of the  exact nature of t h e  surface-reflection process i s  
beyond the  scope of t h i s  report .  Reference 8 suggests t h a t  t h e  occurrence of 
specular r e f l e c t i o n  (wherein t h e  angle of r e f l e c t i o n  of a p a r t i c l e  leaving a sur­
face equals t h e  angle of incidence) i s  unlikely. Reference 9, however, points  
out t h a t  specular r e f l e c t i o n  m a y  be of p r a c t i c a l  importance i n  very high speed 
flows. It i s  generally agreed among experts t h a t  d i f fuse  r e f l e c t i o n  (wherein the  
d i rec t ion  of r e f l e c t i o n  of a p a r t i c l e  from the  surface i s  unrelated t o  the direc­
t i o n  of incidence) i s  the more probable mode. 

ANALYSES AND PROCEDuE1ES 

Fundamenta1 Relations 

The analyses t o  be discussed a r e  based on fundamental r e l a t i o n s  developed 
from elementary k i n e t i c  theory. 

The r a t e  of p a r t i c l e  flow from a d i f f e r e n t i a l  a rea  dSi i n  a d i rec t ion  0 i  
a r r iv ing  a t  an area dSj i s  

-
where vi i s  the i so t ropic  mean p a r t i c l e  speed, n i  t h e  p a r t i c l e  density, and 

&J. = 
COS 0 j  dSj 

J 

( A l l  symbols a r e  defined i n  appendix A. ) The subscript  notat ion i s  described i n  
sketch ( b ) .  
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The a r r i v a l  r a t e ,  o r  flux, a t  dSj from dSi is, from equations (I)and 
(21, 

With hi = (1/4)niTi, equation (3) can a l s o  be wr i t ten  as 

From equation (4) ,  the f l u x  through a d i f f e r e n t i a l  area d% of a hemisphere of 
radius zh, from a s m a l l  o r i f i c e  c e n t r a l l y  located on the  base, can be wr i t ten  as 

I n  equation (5), the cos 8h = 1, and the o r i f i c e  area A i  i s  considered s m a l l  
2enough t o  be almost a point source, t h a t  is, << Xxh. 

Equation ( 4 )  i s  t h e  basic  r e l a t i o n  from which the subsequent analyses a re  
developed. It w i l l  be used as wr i t ten  f o r  t h e  diffuse-ref lect ion analysis  and as 
rewri t ten i n  the  form of equation (5)  f o r  the  specular-reflection analysis.  

Diffuse-Reflection Analysis 

I n  formulating the  problem described herein, a s e t  of two simultaneous in­
t e g r a l  equations a r i s e s  from considering the contributions from a l l  sources t o  
the  l o c a l  arrival r a t e  (assumed equal t o  t h e  leaving r a t e )  on each surface. 

The equations t h a t  describe these l o c a l  f luxes a r e  given next i n  general 
form and are  derived i n  d e t a i l  i n  appendix B. Model surfaces and per t inent  var­
i a b l e s  a re  i d e n t i f i e d  i n  f igure  2. The l o c a l  f l u x  on the  r e a r  w a l l  h4(r4) in­
cludes contributions from a l l  l o c a l  points on the  side w a l l  and can be expressed 
as 

fi4b-4) = f h3(x)F(x,r4)dx 
0 

( r e a r  ( s i d e  w a l l )  
w a l l )  

On the  side w a l l  t h e  l o c a l  flux h3(x3) includes contributions from the  or i f ice ,  
the  r e a r  w a l l ,  and the  side w a l l  i t s e l f :  
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h3(x3) = hlG(x3) + 1 h4(r)H(r,x3)dr + il3(x)I(x,x3)b ( 7 )  

a,/2 
( s ide  (o r i - ( r e a r  wal l )  . ( s ide  wal l )  
w a l l )  f i c e )  

The l o c a l  f l u x  i n  the  plane of t h e  open end hZ(s2)  includes contr ibut ions from 
the  o r i f i ce ,  t he  r e a r  w a l l ,  and the  s ide w a l l :  

I n  these equations, t h e  funct ions F, G, H, I, J, K, and M a re  the  kernel  
functions of the  model geometry ( see  appendix B ) .  The s ide w a l l  i s  the  w a l l  of 
t he  cylinder.  The f l u x  enter ing through the  o r i f i ce ,  hl, i s  assumed known, t h a t  
is, a constant. 

Equations ( 6 )  and ( 7 )  must be s a t i s f i e d  i n  order t o  obtain a solut ion t o  
equation (8). The bas ic  d i f f i c u l t y  encountered i n  seeking solut ions t o  equa­
t i o n s  ( 6 )  and ( 7 )  stems f r o m t h e  f a c t  $hat t he  functions h3(x) and $(r) - the  
f l u x  d i s t r ibu t ions  along the  s ide and r e a r  walls, respec t ive ly  - a r e  unknown. 
Thus, d i r e c t  in tegra t ion  i s  not possible.  

Described i n  reference 10 i s  a numericd method of solut ion t o  the  problem 
of determining the  thermal-radiation cha rac t e r i s t i c s  of cy l ind r i ca l  cav i t ies .  
The simultaneous i n t e g r a l  equations f o r  t h e  apparent emissivi ty  d i s t r ibu t ion  t h a t  
a re  given i n  reference 10 a re  s imi la r  i n  s t ruc ture  t o  equations ( 6 )  and ( 7 ) .  The 
procedure followed herein t o  obtain solut ions t o  equations ( 6 )  and ( 7 )  employs 
techniques s i m i l a r  t o  those used i n  reference 10. Solutions a re  obtained by 
i t e r a t i v e  numerical in tegra t ion  performed on the  IBM 7094 computer of t he  NASA 
Lewis Research Center. 

Diffuse-Reflection Procedure 

For ac tua l  computation, equations ( 6 )  and ( 7 )  are f i rs t  normalized by divid­
ing through by h,, t h e  f l u x  through t h e  o r i f i ce .  To start t h e  i t e r a t i v e  method 
of solution, an i n i t i a l  guess i s  made of t he  flux d i s t r ibu t ion  h3(x) i n  equa­
t i o n  ( 6 ) .  The s ignif icance of t h e  value chosen f o r  t h e  i n i t i a l  guess of h3(x) 
w i l l  be discussed l a t e r  i n  this  section. The funct ion h4(r4) i s  then calculated 

by supplying values of r4, d1/2 ,< r4 IR t o  t h e  integrand function, for in­
stance f(x,r4) - il3(x)F(x, r*), and then by numerically in tegra t ing  f(x,r4) by 
Simpson’s r u l e  t o  obtain pointwise values. 

To obtain values of fiz(x3) from equation ( 7 ) ,  a similar procedure i s  f o l ­

5 



lowed using t h e  values of h4 ( r )  produced from equation ( 6 )  and the  i n i t i a l  guess 
of h3(x). Values of x3, 0 ,< x3 ,< L are supplied i n  G, H, and I of equation 
( 7 ) .  The funct ion G i s  prescribed: t h e  integrand of t h e  f i r s t  i n t e g r a l b e ­
comes a function, f o r  instance, h(r,x3); and t h e  integrand of t h e  second i n t e g r a l  
becomes a function, f o r  example, i(x,x3). The funct ions h(r,x3) and i(x,x3) 
a re  numerically integrated,  added t o  G(x3), and values of ~3(x3)a re  thus ob­
tained,  The newly tabulated 

equation ( 6 )  and the  cycle i s  repeated u n t i l  convergence i s  obtained, t h a t  is, 


h3(x) funct ion i s  then  used as the  !'next guess" i n  

u n t i l  t h e  values of h3(x) obtained from equation ( 7 )  agree with t h e  values of 
h3(x) supplied previously i n  equation ( 6 ) .  

With the  f l u x  d is t r ibu t ions ,  h3(x) along t h e  s ide  w a l l  and h 4 ( r )  along the  
r e a r  w a l l ,  determined, t h e  values of t h e  l o c a l  f l u x  d is t r ibu t ion ,  h2(s2),  across 
the  open end can then be determined by numerical in tegra t ion  of equation (8) .  
i t e r a t i o n  i s  required i n  t h i s  case; however, t he  in t eg ra t ion  must be done once 

No 

f o r  each value of t h e  radius, 52. 

For the  i t e r a t i v e  in tegra t ion  of equations ( 6 )  and ( 7 ) ,  t he  r and x in­
crements used were as follows: on the  r e a r  w a l l ,  1/42 of t h e  cyl inder  radius; 
on the  s ide w a l l ,  1/40 of a u n i t  lengthj  and, on the  open end, 1/40 of the  cylin­
der radius.  The increment used on the  r e a r  w a l l  w a s  chosen because the  Simpson's 
r u l e  in tegra t ion  requi res  an even number of increments. I n  t h e  f i rs t  i n t e g r a l  of 
equation ( 7 ) ,  t h e  r in tegra t ion  i s  ca r r i ed  out from d1/2 t o  R. With 
d1/2R = 1/21, 40 increments were avai lable .  The second in t eg ra l  of equation ( 7 )  
was broken i n t o  e i t h e r  two o r  th ree  par ts ,  depending on whether t h e  x3 point 
being calculated was numbered odd or  even. When x3 was an  odd-numbered point, 
an even number of increments w a s  available t o  t h e  l e f t  and r i g h t  of x3 and 
Simpson's r u l e  in tegra t ion  was applicable.  When x3 w a s  an even-numbered point, 
Simpson's r u l e  i n t eg ra t ion  was applied over t he  range from x = 0 t o  the  x 
s t ep  value preceding the  x3 point, and from the  x value a f t e r  t h e  point out 
t o  x = L. Over t h e  i n t e r v a l  between, t rapezoidal  in tegra t ion  was applied. 

Because of t he  complex s t ruc ture  of equations ( 6 )  and (7), t r i a l  solut ions 
were invest igated i n  an attempt t o  e s t ab l i sh  convergence c r i t e r i a  and ove ra l l  ac­
curacy of  t h e  r e s u l t s .  

To determine t h e  e f f e c t  of t he  ini t ia l  guess of t he  h3(x) funct ion t h a t  
must be supplied i n  equation ( 6 )  t o  s t a r t  t he  i t e r a t i v e  procedure, severa l  dif­
fe ren t  functions were investigated.  Functions t h a t  had pos i t ive  slopes, negative 
slopes, and even a value of zero, were t r ied .  I n  a l l  cases, convergence t o  t h e  
same , f i n a l  answers w a s  indicated.  No s t a b i l i t y  problems were encountered; how­
ever, the  r a t e  of convergence depended on the  pa r t i cu la r  i n i t i a l  guess selected.  
The number of i t e r a t i o n s  required f o r  t he  f i n a l  solut ions w a s  reduced t o  low 
values (as ind ica ted  i n  table I) by noting t h a t  t he  constant-slope por%ion of the  
side-wall r e l a t ive -d i s t r ibu t ion  curves could be approximated by an i n i t i a l  guess 
of ;3(~)/;1 e O.OOl{ [(L/R) + 11 - (x /R)I .  
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The " ra t io  t e s t "  indicated i n  t a b l e  I cons t i tu tes  a check on t h e  numerical 
results from the  l a w  of mass conservation. This check r a t i o  i s  derived from a 
comparison of t he  flow i n  through the  o r i f i c e  and t h e  flow out through t h e  open 
end plus  the  small f r a c t i o n  returning back through t h e  o r i f i c e .  Because of t h e  
area r a t io s ,  t h i s  l a t t e r  f r a c t i o n  would be expected t o  be small. Expressed 
mathematically, t h e  comparison i s  

or, i n  terms of r e l a t i v e  f l u x  d is t r ibu t ions ,  

PR 


(10) 

For exact agreement, a r a t i o  of t he  l e f t  s ide t o  t h e  r i g h t  s ide  of equation (IO) 
should equal unity. To make the  desired comparison it i s  necessary t o  ca lcu la te  
t he  "return-flux" d i s t r ibu t ion  across t h e  o r i f i c e  opening from equation ( 6 )  and 
then perform the  in tegra t ion  indicated i n  equation (10). A t r ial  calculat ion f o r  
a length t o  radius  r a t i o  (L/R) of 5 gave a return-f lux r a t i o  of 0.0046 and an 
open end r a t i o  of 0.9713, which i s  a t o t a l  of 0.9759. Although numerical in te ­
gra t ion  t h a t  involved severa l  i n t e g r a l s  w a s  required t o  obtain t h i s  r a t io ,  t he  
r e s u l t  seems very good. Other t r i a l  solut ions showed t h a t  t h i s  degree of agree­
ment w a s  not possible with coarser increments, while t h e  use of f i n e r  increments 
r e su l t ed  i n  l i t t l e  or no improvement and added g r e a t l y  t o  machine computation 
time. Since the  return-f lux r a t i o  w a s  negl igible  by comparison and calculat ion 
a l so  required addi t iona l  computer time, it w a s  neglected i n  obtaining the  f i n a l  
solutions.  

A s  a r e s u l t  of the  preliminary evaluations discussed, a convergence c r i t e ­
r i o n  w a s  es tabl ished f o r  t he  f f n a l  runs and consisted of t he  following two 
checks: 

(1)After 20 i t e r a t i o n s  of equations ( 6 )  and ( 7 ) ,  equation (8) w a s  solved. 
The f l u x  d i s t r ibu t ion  w a s  then in tegra ted  as i n  equation (lo), and a r a t i o  of t h e  
l e f t  s ide t o  the  r i g h t  s ide w a s  formed. If t h e  r a t i o  obtained w a s  g rea te r  than 
an a r b i t r a r i l y  se lec ted  value - e i t h e r  0.96 or 0.97 w a s  used - then the  i t e r a t i v e  
procedure w a s  stopped and the  r e s u l t s  were l i s t e d .  It w a s  necessary t o  decrease 
the  value of t he  comparison r a t i o  a s  t h e  length t o  rad ius  r a t i o  increased because 
of inherent inaccuracies of t h e  numerical in tegra t ion .  

( 2 )  If t h e  r a t i o  obtained i n  i t e m  (1)w a s  less than t h e  preassigned value, 
an addi t iona l  20 i t e r a t i o n s  were performed on equations ( 6 )  and ( 7 )  and a new 
r a t i o  comparison was made. If the  condition of i tem (1)w a s  s a t i s f i ed ,  t he  re­
sults were l i s t e d .  If not, t he  r a t i o  obtained w a s  compared with the  r a t i o  of t he  
previous 20 i t e r a t ions .  If t h e  change i n  t h e  r a t i o s  compared w a s  not grea te r  
than 0.0001, i t e r a t i o n  w a s  stopped, and t h e  results were l i s t e d .  Otherwise an­
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other  20 i t e r a t i o n s  were accomplished and new comparisons were made. 

A s  a precaution t o  prevent endless i t e r a t i o n  if  the  r a t i o  t es t  fa i led ,  t he  
program w a s  t o  be stopped a f t e r  100 i t e r a t i o n s  and t h e  r e s u l t s  l i s t e d .  I n  the  
f i n a l  solut ions t h a t  employed the  i n i t i a l  guess given previously, t h i s  precaution 
was not needed. 

Specular-Reflection Analysis 

An approximate method of solut ion of t he  specular-ref lect ion problem w a s  
developed t h a t  i s  r e a d i l y  adaptable t o  numerical techniques. 

If 
2
equation (5)  i s  mult ipl ied through by d%, where, from sketch ( c ) ,  

dE+, = 2h Sin 81 d0i dcp, t he  r e s u l t  I S  

x-axis 


I n  equation (u), d(Xh) i s  the  arrival rate ( p a r t i c l e s  per un i t  t ime) on 
the  d i f f e r e n t i a l  element of t h e  hemisphere. The arrival r a t e  passing through a 
d i f f e r e n t i a l  band i s  

-
= n i  2 cos 8 i  s i n  ei dei 
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For the  analysis,  it i s  assumed t h a t  the  p a r t i c l e s  i n i t i a l l y  leaving the  
o r i f i c e  i n  a d i rec t ion  near and about @iare  r e s t r i c t e d  always t o  follow the  
d i rec t ion  t raced  by the  ''ray" associated with 8 i .  The arrival r a t e  ( p a r t i c l e s  
per u n i t  t ime) on an arbitrari ly narrow band on the  hemisphere (sketch ( c ) )  i s  
then wr i t ten  from equation ( 1 2 )  as 

To f i n d  the  f l u x  ( p a r t i c l e s  per u n i t  area per  un i t  t ime) through an annulus, 
such as shown i n  sketch (d) ,  it i s  necessary t o  sum t h e  a r r iva l - ra te  contribu-

Side wall  7 
\ 

Rear w a l l - \  

Axis 

>Typical @-rays 

t i o n s  from a l l  rays passing through the  annulus and t o  divide by the  area of the 
annulus, t h a t  is, 

n =  

Subst i tut ing equation (13) i n t o  equation (14) and noting t h a t  

~p = K [ ( r  + - $1 yie ld  

The summation i through j includes a l l  rays passing through the  annulus. 

An a l t e r n a t e  approach t o  t h e  specular-ref lect ion problem w a s  suggested by 
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E l i  Reshotko of L e w i s  and i s  given i n  appendix C. Although t h e  method yields 
an ana ly t ic  expression f o r  t h e  f l u x  d i s t r i b u t i o n  across t h e  open end of t h e  bas ic  
model, it i s  not r ead i ly  extended t o  handle more complex models. Agreement of 
r e s u l t s  between t h e  two methods f o r  t he  bas i c  model, however, ind ica tes  t h a t  t he  
method used here in  can reasonably be extended t o  more complex geometries. 

Specular-Reflection Procedure 

The f l u x  ca lcu la t ion  which i s  l a r g e l y  a m a t t e r  of bookkeeping, w a s  accom­
pl ished using the  IBM 7094 computer. For the model shown i n  f igure  2, a mesh was 
overlayed. The mesh s i z e  used i n  the  r -d i rec t ion  prescribed the  values f o r  t he  
denominator of equation (15) f o r  each annulus. The value of A6 i s  prescribed 
by dividing the rays t h a t  emerge from the  o r i f i c e  and range i n  value from zero t o  
fl/2 i n t o  an arbitrary number of rays such t h a t  t h e  first ray i s  M / 2 ,  the  next 
i s  [ ( M / 2 )  + MI, t he  next i s  [ (A f3 /2 ) + 2 MI, and so on. 

The procedure i s  begun by following the  f i rs t  ray throughout i t s  e n t i r e  path 
and noting the  r-count loca t ion  a t  each x-count and s tor ing  t h i s  information. 
The next ray i s  then followed and i t s  path recorded i n  a similar manner. When a 
ray a r r i v e s  a t  the  s ide w a l l  it i s  re f lec ted ,  t h e  angle of r e f l ec t ion  being s e t  
equal t o  the  angle of incidence. I n  the  same manner, t h e  rays, which a re  actu­
aily representat ive of canes, a re  r e f l ec t ed  from t h e  axis. Thus, it i s  possible 
t o  accomplish t h e  e n t i r e  calculat ion by following r ays  i n  t h e  r,x plane. For ex­
ample, the  r-count pos i t ion  of t he  i n i t i a l  ray at  any x-count pos i t ion  ( see  
sketch ( e ) )  i s  given by r = x t a n  B i .  

Second r e f l ec t ion  
r = x t an  8 i  - 2 R  

Axis-----tx- count 

r = 4R - x t an  ei 
L F i r s t  r e f l e c t i o n  
r = 2R -x t a n  �Ii 

( e>  

LO 



These posi t ion values a re  recorded as t h e  x-count i s  increased i n  s teps  un­
t i l t h e  value r = R i s  reached. The equation of the  f i rs t  r e f l e c t i o n  i s  
r = 2R - x t a n  01, and t h e  procedure of s tor ing r-count locat ions of 01, as t h e  
x-count i s  increased, i s  continued u n t i l  t h e  value of r = 0 i s  reached. The 
ray i s  r e f l e c t e d  from the  axis, the equation of the second r e f l e c t i o n  being 
r = x t a n  0 i  - 2R. The equation of the  t h i r d  r e f l e c t i o n  i s  r = 4R - x t a n  01, 
and so on. With each r e f l e c t i o n  from t h e  w a l l  r = R, the  sign of the x tan  0 i  
component a l t e r n a t e s  from pos i t ive  t o  negative, and the  R component increases 
by 2R. With each r e f l e c t i o n  from t h e  axis, the  sign alone a l te rna tes .  I n  t h i s  
manner, the rays @i+J passing through a given r-count locat ion a r e  recorded, 
and a f t e r  completing the  t r a c i n g  of a l l  rays, equation (15) m a y  be applied a t  the 
x-plane s of i n t e r e s t .  

Flux dis t r ibu t ions  on the  s ide w a l l  can be obtained i n  a similar manner by 
counting and s tor ing  ray information i n  x-count locat ions a t  r = R and then 
aividing by the  incremental cylinder surface area 2scR &. 

Because of questions previously discussed concerning the  p l a u s i b i l i t y  of the  
specular r e f l e c t i o n  process as wel l  as recognition of the  approximation of the  
method, the discussion on the accuracy of the  method i s  confined t o  the d e t a i l s  
of the  calculat ion i t s e l f .  The assumption t h a t  rays i n i t ' i a t e  on t h e  axis at  the  
plane of t h e  r e a r  w a l l  obviously excludes appl icat ion of t h e  method t o  problems 
other than those i n  which the o r i f i c e  diameter is very s m a l l  compared with the 
cylinder diameter. 

The accuracy of the  calculat ion i s  strongly dependent on the  s ize  of the A0 
increment and somewhat l e s s  dependent on the s ize  of the  Ar increment. The in­
t e g r a l  over 0 i n  equation ( 1 2 )  i s  equal t o  unity and the  summation over 0 
given i n  equation (15) approximates t h i s  integral .  For example, i f  R were di­
vided i n t o  10 increments, while a t  the same time the  A0 increment w a s  se lected 
t o  be 45' (two rays), there  would be several  locat ions through which no ray would 
pass. A l s o ,  i f  only two rays were used (A0= 45O,  01 = 22.5O, 02 = 67.5"), the  
summation over 0 would equal 1 .112 .  Therefore, t o  include a l l  locat ions and 
t o  obtain a good approximation of the integral ,  it i s  desirable  t o  choose A0 
as s m a l l  as i s  prac t ica l .  Optimization of the A6 increment.and A r  increment 
w a s  investigated.  It w a s  found t h a t  a Ar increment of from 20 t o  25  u n i t s  of 
R, used i n  conjunction with a A0 increment of 0.125' ( i . e . ,  720 rays), gave 
good r e s u l t s  - measured i n  terms of the  degree of ''smoothnessn of the d is t r ibu­
t i o n  curves. With t h i s  choice of A0, the  summation over 0 equals unity t o  
f i v e  s ign i f icant  f igures .  A A0 increment of 0.0125° ( i . e . ,  7200 rays)  was in­
vest igated and w a s  found t o  have l i t t l e  e f f e c t  on the  r e s u l t s .  

It i s  apparent from inspection of both the  diffuse- and specular-reflection 
equations t h a t  f l u x  d i s t r i b u t i o n s  a re  dependent only on t h e  cylinder length t o  
radius r a t i o .  A l l  r e s u l t s  t o  be presented have thus been normalized by the  cyl­
inder radius, R. 
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RESULTS AND DISCUSSION 

Diffuse Reflection 

Values of t he  r e l a t i v e  f l u x  d i s t r ibu t ion  along the  r e a r  w a l l ,  the  s ide w a l l ,  
and the  open end of t he  model shown i n  fl.gure 2 were obtained f o r  cylinder length 
t o  radius  r a t i o s  of 1, 2, 3, 4, 5, and 10. The o r i f i c e  t o  cyl inder  radius  r a t i o  
i n  a l l  cases w a s  1/21. Results a r e  p lo t t ed  i n  f igu res  3 t o  5, and some tabulated 
values a re  given i n  t ab le s  I and 11. These values a re  given t o  three  s ign i f icant  
f igures,  although machine computation gave eight .  

Turning first t o  the  r e s u l t s  shown i n  t h e  f igures ,  it i s  seen from f igure  3 
t h a t  the  d i s t r ibu t ions  on the  r e a r  w a l l  f o r  various L/R are  s i m i l a r  i n  form and 
d i f f e r  primarily i n  magnitude. The f lux-d is t r ibu t ion  curves across the  open end 
( f i g .  4) approach the  shape of t he  inf in i te - tube-d is t r ibu t ion  curve ( r e f .  1) as 
the  L/R increases.  I n  mak5ng t h i s  comparison, t he  i n f i n i t e  tube d i s t r ibu t ion  
from reference 1has been normalized t o  the  L/R = 10 value on the  axis. The 
d i s t r ibu t ions  i n  f igure  4 are  qui te  s i m i l a r  f o r  length t o  radius  r a t i o s  g rea t e r  
than two. Inspection of the  d i s t r ibu t ions  of f igure  4 ind ica tes  t ha t ,  as would 
be expected, t he  t o t a l  r e l a t i v e  arrival r a t e s  a t  t h e  open end are  nearly equal 
t o  uni ty  f o r  a l l  L/R solut ions (see t a b l e  I). 

The f lux-d is t r ibu t ion  curves along the  s ide w a l l ,  given i n  f igure  5, a re  a l l  
s i m i l a r ,  each exhibi t ing an i n i t i a l  increase followed by a uniform decrease as 
x/R increases. A s  mentioned i n  the  Diffuse-Reflection Procedure section, it w a s  
found t h a t  t h e  constant-slope port ion of these  curves beyond the  peak i s  closely 
approximated by t h e  r e l a t i o n  h 3 ( ~ ) / 6 l= O.OOl{ [ (  L/R) + 11 - (x/R)l. 

Because of t he  s teep slope of the  curves a t  the  in te rsec t ions  of surfaces, 
end-point values of t he  curves of f igu res  3 t o  5 a re  not shown i n  t h e  f igures  but  
a re  given i n  t a b l e  11. Values a t  t he  in t e r sec t ions  of surfaces, f o r  example, 
h4(R) and fh3(0) a re  d i f fe ren t .  The mathematical reason f o r  these differences 
cannot be r igorously explained from equations ( 6 )  and ( 7 )  bu t  i s  somewhat appar­
ent  i f  the  equations a re  compared, f o r  example, f o r  values of r4 = R and 
x3 = 0, respectively.  A t  t h i s  point, t he  equations become s i m i l a r  i n  form, but 
each contains a d i f f e ren t  kerne l  function. I n  reference 10, it w a s  found t h a t  
s i m i l a r  d i f ferences i n  corner values occurred i n  solut ions t o  the  problem of ap­
parent emissivi ty  of a cy l ind r i ca l  cavity. The opinion expressed i n  reference 10 
i s  t h a t  t h e  f inding seems physical ly  reasonable, based on the  idea t h a t  an ob­
server approaching the  corner along the  s ide w a l l  would have a d i f f e ren t  view 
from t h a t  of an observer approaching the  corner along the  r e a r  w a l l .  A s imilar  
idea may apply t o  t h e  problem herein. 

Extending the  diffuse-ref lect ion ana lys i s  t o  models such as t h a t  represented 
by the  electron-bombardment th rus to r  shown i n  f igure  1, wherein a d i s t r i b u t o r  and 
screen g r id  a re  included, poses a formidable problem. The governing i n t e g r a l  
equations may be r ead i ly  writ ten; however, ins tead  of two equations, th ree  o r  
more a r i s e  (some of which contain i n t e g r a l s  having var iable  limits of integra­
t i o n )  t h a t  must be simultaneously sa t i s f i ed .  While solut ion by the  i t e r a t i v e  
method is possible i n  pr inciple ,  it may  be much more d i f f i c u l t  t o  accomplish 
p rac t i ca l ly  because of t he  addi t ional  number of unknown d i s t r ibu t ion  functions 
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involved. The i t e r a t i v e  procedure can no longer be i n i t i a t e d  with a guess of 
only one unknown d i s t r i b u t i o n  function. 

Specular Reflect ion 

Values of t he  r e l a t i v e  f l u x  d i s t r ibu t ion  across  t h e  open end of the  bas ic  
model of f igure  2 a r e  given i n  f igu re  6 (a ) .  These r e s u l t s  may be compared with 
t h e  r e s u l t s  f o r  d i f fuse  r e f l e c t i o n  given i n  f igu re  4. Both s e t s  of curves show 
maximums i n  the  center  (axis) and m i n i m u m s  near t he  w a l l ;  however, the  port ion 
of the  curves between have opposite curvatures. The shape of t he  "specular" 
curves was nearly t h e  same f o r  a l l  cases invest igated.  I n  t h i s  model, p a r t i c l e s  
proceed i n  the  forward d i rec t ion  only, so t h a t  t he  f l u x  d i s t r ibu t ion  on the  r e a r  
w a l l  i s  zero. 

Values of the  open-end d i s t r ibu t ion  determined from the  approximate method 
(eq. (15) )  a re  compared with those of t h e  ana ly t ic  method (eq. (C5)) i n  f igu re  
6(b)  f o r  an L/R of 5. I n  determining values from equation (C5), 100 terms were 
used ( i . e . ,  CL = 100). It can be seen from f igu re  6(b)  t h a t  t h e  r e s u l t s  from the  
approximate method compare qui te  wel l  with the  ana ly t i c  r e s u l t s .  Values f o r  an 
L/R of 1determined from equation ( C 5 )  were p r a c t i c a l l y  ' identical  with those 
determined from equation (15) .  A s  mentioned e a r l i e r ,  the  ana ly t ic  method i s  use­
ful f o r  comparative purposes but  cannot be e a s i l y  extended t o  more complex 
models. 

A side-wall d i s t r ibu t ion  f o r  an L/R of 4 i s  shown i n  f igure  7 and compared 
with the  d i f fuse- re f lec t ion  d is t r ibu t ion .  The va r i a t ion  of t h e  specular­
r e f l e c t i o n  curve with x / R  i s  t y p i c a l  of those obtained with other  L/R values. 

This method of ana lys i s  w a s  a l so  applied t o  models representat ive of t h e  
electron-bombardment t h r u s t o r  shown i n  f igu re  1. Ion-chamber pressures i n  t h i s  
t h r u s t o r  have been estimated t o  be of  t he  order of mill imeter of mercury. 
The t h r u s t o r  uses mercury vapor as a propellant.  The mean f r ee  path of t he  mer­
cury atom a t  t h i s  l e v e l  of pressure with thermal equilibrium assumed i s  approxi­
mately 25 centimeters compared with chamber dimensions of about LO centimeters. 
It i s  l ike ly ,  therefore,  t h a t  molecular f l o w  occurs i n  the  chamber. Thermal en­
vironment and the  ion iza t ion  processes, however, could have an appreciable e f f e c t  
on the flow. 

Various propel lant  "d is t r ibu tors"  have been t e s t e d  i n  this  th rus to r  i n  an 
e f f o r t  t o  al ter neut ra l  propel lant  d i s t r ibu t ion  and improve th rus to r  performance. 
Five models t h a t  approximate severa l  of these configurations, along with a sketch 
of the  mesh s t ruc ture  used f o r  calculations,  a r e  shown i n  f igure  8. The r a d i a l  
f l u x  d i s t r ibu t ion  was of primary i n t e r e s t  i n  these s tud ies  so t h a t  a coarse x­
count mesh was used. I n  addi t ion t o  the  d i s t r ibu to r ,  a "screen-grid" w a s  located 
across the  downstream end of the models. To preserve axial symmetry, the  screen-
g r i d  w a s  approximated as a s e r i e s  of concentric annuli .  The r e f l e c t i o n  and re-
r e f l ec t ion  of rays w a s  accomplished as previously discussed. Re-reflected rays 
a re  those that s t r i k e  a downstream surface and r e tu rn  i n  a negative x-direction. 
Because of these rays, two modifications t o  the  computer program were required t o  
prevent t he  computer from continuously looping. I n  t h e  f irst  modification, rays 
that returned t o  t h e  "or i f ice"  by re - re f lec t ion  were deleted. I n  the  o ther  modi­
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f ica t ion ,  rays t h a t  became "trapped" by re - r e f l ec t ion  were deleted a f t e r  200 re-
r e f l ec t ions  i n  t h e  region between t h e  r e a r  w a l l  and t h e  d i s t r ibu to r  and a f t e r  
10 re - re f lec t ions  i n  the  region between t h e  d i s t r i b u t o r  and the  screen. These 
l imi t ing  values were se lec ted  a f t e r  considerable inves t iga t ion  of t r i a l  so lu t ions  
run t o  much higher l i m i t s .  Both of these "deletion" procedures may be j u s t i f i e d  
t o  t h e  extent t ha t ,  under steady-state conditions, t h e  pa r t i c l e s ,  represented by 
the  rays, must eventual ly  f i n d  t h e i r  w a y  out of t he  chamber, otherwise, chamber 
pressures would become i n f i n i t e .  The number of de le t ions  r e su l t i ng  from these  
modifications was ac tua l ly  a small percent of t he  t o t a l  number of 720 rays fo l ­
lowed. I n  the  worst case, model E, 40 rays (5.6 percent of t he  t o t a l )  were de­
le ted .  O f  these,  only four  were deleted i n  t h e  region between the  d i s t r i b u t o r  
and the  screen. This region i s  of pa r t i cu la r  i n t e r e s t  because the  ion iza t ion  
process i n  the  r e a l  t h rus to r  takes  place there in .  The weighted value of t he  de­
l e t e d  rays, however, must be considered t o  evaluate t h e  e f f e c t  of these de le t ions  
properly. A summation across  the  screen openings shows tha t ,  i n  the  worst case 
(model E) ,  a t o t a l  weighted value of l e s s  than 4 percent was being deleted. 

Flux d i s t r ibu t ions  a t  four  a x i a l  s t a t i o n s  f o r  t h e  f i v e  models s tudied a r e  
p lo t t ed  i n  f igu re  9. Shown i n  f igu re  10 a r e  the  average f l u x  d i s t r ibu t ions  (two 
values per opening) through the  screen apertures.  The curves of f igure  9 have 
t h e  same general  fqrm as those of f igu re  6(a), ind ica t ing  t h a t  the  f l u x  d i s t r i ­
but ions a re  r e l a t i v e l y  insens i t ive  t o  d i s t r i b u t o r  geometry. I n  t h i s  respect,  t h e  
specular-ref lect ion r e s u l t s  a re  i n  agreement with th rus to r  t e s t  r e s u l t s  reported 
i n  reference 11. Therein, only s l i g h t  differences i n  performance were noted i n  
comparing t e s t  r e s u l t s  from configurations similar t o  models D and E. A s  can be 
seen from f igure  8, these  two models represent  opposite concepts of propel lant  
introduction. 

CONCLUDING REMARKS 

The purpose of t h i s  repor t  w a s  t o  determine p a r t i c l e  flux pa t te rns  t h a t  
a r i s e  i n  connection with Knudsen flow i n  ce r t a in  geometric configurations of in­
t e r e s t  i n  the  f i e l d  of e l e c t r o s t a t i c  propulsion. A bas ic  model of c i r cu la r  cross  
sect ion was establ ished i n  which p a r t i c l e s  were assumed t o  en ter  one end through 
a small o r i f i c e  and leave the  other  end, which w a s  wholly open. Two modes of 
surface r e f l ec t ion  were studied: d i f fuse  and specular. Numerical means were 
used t o  obtain solutions.  The specular-ref lect ion ana lys i s  w a s  extended t o  more 
complex models t h a t  included a d i s t r i b u t o r  and a screen. These models c losely 
approximated va r i a t ions  of a Lewis Research Center electron-bombardment ion 
thrus tor .  Althrough the  diffuse-ref lect ion ana lys i s  could i n  pr inciple  be ex­
tended t o  these models, t h e  addi t iona l  i n t e g r a l  equations t h a t  a r i s e  make prac­
t i c a l  solut ion of t h e  problem extremely d i f f i c u l t .  

It was found tha t ,  with d i f fuse  re f lec t ion ,  t he  shape of the  flux-
d i s t r ibu t ion  curve across t h e  open end of the  model approached t h a t  of t h e  dis­
t r i b u t i o n  curve f o r  an i n f i n i t e  tube as  t he  tube length t o  radius  r a t i o  in­
creased. For the  model studied, t he  r e l a t i v e  f lux  d i s t r ibu t ion  along the  s ide 
wal l  w a s  found t o  be l i n e a r  i n  pa r t  and f i t t e d  a rule-of-thumb re la t ion .  Differ­
ences i n  f lux  values at surface in te rsec t ions  were found and were postulated t o  
be due t o  d i f f e r ing  "view fac to r s . "  
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Flux-dis t r ibut ion curves f o r  both t h e  specular- and d i f fuse- re f lec t ion  anal­
yses showed maximum values on t h e  ax i s  and minimum values a t  the  wall: between, 
t he  d i s t r ibu t ion  curves had opposite curvatures. Increasing the  length of t he  
model as wel l  as inclusion of  d i s t r i b u t o r s  with various openings had l i t t l e  ef­
f e c t  on t h e  specular-reflection flux d is t r ibu t ions .  This i n s e n s i t i v i t y  t o  dis­
t r i b u t o r  geometry has a l so  been noted i n  measured performance of electron-
bombardment thrus tors .  Since d i f fuse  r e f l ec t ion  i s  general ly  agreed t o  be more 
l i k e l y  than specular re f lec t ion ,  it must follow t h a t  f l u x  d f s t r ibu t ions  obtained 
from the  d i f fuse- re f lec t ion  analysis  should be c loser  t o  the  ac tua l  case. 

Lewis Research Center 
National Aeronautics and Space Administration 

Cleveland, Ohio, September 24, 1963 
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APPENDIX A 

SYMBOLS 

A 

d 

F 


f 

G 

J,K 

L 

1 

M 


m 


N 


n 
-

n 

R 


r 


S 

S 


-

v 

X 

a 


P 
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area, surface 

diameter of o r i f i c e  

funct ion i n  eq. ( 6 ) ,  defined i n  appendix B 

distance,  variable,  used i n  der ivat ions i n  appendix B 

function i n  eq. ( 7 ) ,  defined i n  appendix B 

distance,  var iable ,  used i n  der ivat ions i n  appendix B 

functions i n  eq. (7), defined i n  appendix B 

funct ions i n  eq. (a),  defined i n  appendix B 

length of model 

length, var iab le  

function i n  eq. (a ) ,  defined i n  appendix B 

distance, variable, used i n  der ivat ions i n  appendix B 

normal t o  surface 

density, p a r t i c l e s  per un i t  volume 

flow r a t e ,  p a r t i c l e s  per un i t  time 

flux, p a r t i c l e s  per un i t  time per un i t  a r ea  

radius  of model 

radial distance,  var iable  

area, d i f f e r e n t i a l  

radial distance,  variable,  plane of open end of model 

mean p a r t i c l e  speed, distance per u n i t  time 

distance, var iable  

number, 1,2,3, . . ., w 

angle, variable,  used i n  der ivat ions i n  appendix B 



e angle, variable,  between N and 2, measured from N 

cp angle, var iable  

u) 	 s o l i d  angle 

Subscripts: 

b band on hemisphere 

h hemisphere 

i,j number 

P plane, normal t o  x-axis 

1 o r i f i c e  

2 open end 

3 side w a l l  

4 r e a r  w a l l  

17 




APPENDIX B 

DERIVATION OF IEITGRAL EQUATIONS USED I N  

DIFFUSE-"CTION ANALYSIS 

Equations (6)  t o  (8)  a re  es tab l i shed  by considering the  contr ibut ions t o  
t h e  l o c a l  flux on a surface from a l l  possible  sources and then by in tegra t ing  
over t he  contr ibut ing surfaces ( i . e . ,  by appl ica t ion  of eq. ( 4 ) ) .  Subscript num­
bering i n  the  following der ivat ions and sketches i s  consis tent  with t h a t  on the  
model shown i n  f igu re  2. 

I. Equation ( 6 )  derivation. 

The contr ibut ion t o  the  l o c a l  f l u x  on t h e  r e a r  w a l l  a t  a point r4 from a 
l o c a l  point on the  s ide w a l l  (see  sketch ( f ) )  i s  

dS3ah (r  ) = -A 3  cos e43 cos 034 74 4  sc 
43 

f 

r4 cos pR-d 
Projection view 

The following r e l a t i o n s  a re  es tabl ished from sketch ( f ) :  

dS3 = R dp dx. 

R - 2cos 834 = 
r4 cos p 

f 2  = 243 - x2 

143 

Using these r e l a t i o n s  i n  equation (Bl) y i e l d s  

18 




- 

Also, from t h e  l a w  of cosines, 

R2 + r . - f2 R2 + r4 22 2 + x2 - z434 
cos p = ­
2Rr4 2 m 4  

from which 

= R2 + ri + x2 - 2Rr4 cos p 

The i n t e g r a l  over a l l  of t h e  s ide  w a l l  y i e lds  the  t o t a l  l o c a l  f l u x  a t  a point  on 
t h e  r e a r  wall: 

The f lux d i s t r ibu t ion  on t h e  s ide w a l l  i s  independent of p, and the  p integra­
t i o n  can be performed ( r e f .  12) t o  obtain equation ( 6 ) :  

where 

2 
x3 + ( ~ 2- r4)x2 


F(x,r4) = 2R 3/2 
[x4 + 2(R2 + r i )x2 + (R2 - rif] 

A condition on the  p i n t eg ra t ion  given i s  t h a t  

This condition i s  everywhere s a t i s f i e d  except a t  the  point  x = 0, r4 = R. 

11. Equation ( 7 )  derivation. 

The contr ibut ions t o  the l o c a l  flux on the  s ide w a l l  a t  a point  x3 come 

19 



from three  sources: t h e  o r i f i ce ,  t h e  r e a r  w a l l ,  and t h e  s ide w a l l  i t s e l f .  The 
equation w i l l  be developed by considering each of these  i n  order, w i t h  notat ion 
as shown i n  t h e  sketches. 

A. The contr ibut ion from t h e  o r i f i c e ,  considered as a point  source, 
(see sketch ( g ) )  is 

dSl
l & 3 ( ~ 3 )= -

61 
COS 031 COS 813 2fi 2, * 

1 


The following r e l a t i o n s  a re  es tab l i shed  from sketch (g ) :  

a f l 2as, = 2 dl COS e13 =1x3 
13 

Using these r e l a t i o n s  i n  equation (B5) y i e l d s  t h e  t o t a l  contr ibut ion from 
the  o r i f i c e  

where 

B. The contr ibut ion from a l o c a l  point  on the  rear wall (see sketch 
( h ) )  i s  

20 



= - dS44 ~ 3 ( ~ 3 )h4 COS e34 COS 043 ­
'Js 

6 3  

L r  cos p 

Projection view 

( h )  

The following r e l a t i o n s  a r e  es tabl ished from sketch (h ) :  

dS4 = r dp  dr 

COS e34 = R - r cos p gz = zz3 - x;
243 

Using these r e l a t i o n s  i n  equation (B8)  y i e l d s  

Also, from the  l a w  of cosines, 

from which 

The i n t e g r a l  over the  r e a r  w a l l  f i e l d s  t h a t  contribution t o  the  t o t a l  f l u x  
a t  a l o c a l  point x3 on the s ide wall.: 

2 1  




. . .. 

The p in tegra t ion  can be performed via reference 12 t o  y i e l d  

where 

(RZ + xg)r - r3 

H ( r , x 3 )  = 2Rx3 3 /2  
[r" + 2(xg - R2)r2  + (R2 + x ; ) ~ ]  

A condition on t h e  p in tegra t ion  i n  t h i s  case i s  t h a t  

The condition i s  s a t i s f i e d  everywhere except a t  the  point x3 = 0, r = R. 

C. The contribution from a l o c a l  point ( i d e n t i f i e d  as point 5 i n  sketch 
( i ) )on the  s ide w a l l  i t s e l f  (see sketch ( i))i s  

a 55 ~ 3 ( ~ 3 )= -	"5 
COS e35 COS eS3 ­

3-r 
G 3  

Projection view 

(i) 


The following r e l a t i o n s  a r e  es tabl ished from sketch (i): 
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R + mdS5 = R dp dx cos e35 = cos e53 = ­
253 

2h2 = Z53 - (x3 - x)2 m = -R cos p 

Using these  r e l a t i o n s  i n  equation (B13), and noting t h a t  iis(x) = G3(x),
y i e lds  

From the  l a w  of cosines 

R2 + R2 - h2 cos p = 2RR 

from which 

2h2 = 2 R 2 ( 1  - COS p )  = 253 - (x3  - X) 2 

or 


The i n t e g r a l  over t he  s ide w a l l  y i e l d s  t h a t  contr ibut ion t o  t h e  total l o c a l  
flux a t  a point  x3 on the  s ide w a l l :  

5( 

(1- cos p ) 2  
[(x3 - x ) ~f 2 R 2 ( 1  - cos P)] 2 

dp  dx (B15) 

After  some manipulation, t h e  p in tegra t ion  can be performed via re fer ­
ence 1 2  t o  y i e l d  

where 

(x3 - x ) ~+ 6R2 

[(x3 - x ) ~  
3 / 2

+ 4R2] 



and where the  magnitude s ign preserves the  pos i t ive  sense associated with 
the  l e g  of t h e  t r i a n g l e  i n  sketch (i)and permits t he  contr ibut ion over t h e  
e n t i r e  sui-face of the  s ide w a l l  to be wr i t ten  under one in t eg ra l .  A condi­
t i o n  on t h e  p in tegra t ion  i n  t h i s  case i s  t h a t  

2
[(x3 - x ) ~+ 2R2I2  > ( -2R2)  

This condition i s  s a t i s f i e d  everywhere except a t  the  point  x3 = x. A t  t h i s  
point, t he  l a t t e r  half  of t he  term i n  brackets  i n  equation (B17) becomes 
zero. Note, however, t h a t  t h i s  port ion of t h e  bracketed term i s  always pos­
i t i v e  and approaches zero as x approaches x3. Finally,  combining equa­
t i o n s  ( B 6 ) ,  ( B l l ) ,  and (B16) y i e lds  equation ( 7 ) :  

111. Equation (8) derivation. 

The der ivat ion of  equation (8)  follows the  i d e n t i c a l  procedure given i n  the  
two previous derivations.  That is, contr ibut ions t o  t h e  l o c a l  f l u x  a t  a point 
s2
the  t o t a l  contribution. I n  t h i s  case the  contr ibut ing sources are: t he  o r i f i ce ,  

i n  the  plane of t h e  open end are  each determined and then in tegra ted  t o  give 

the  r e a r  w a l l ,  and the  s ide w a l l .  These contributions,  when s e t  up i n  i n t e g r a l  
form, become 

After t he  p integrat ion,  equation ( B 1 8 )  becomes 

where 
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J( s ) = &( 
L2 + 52 

+ 
M(x, s z )  = 2R2 

( L  - x ) ~  (R2 - .E)(. - x) 
3 / 2  

[(I,- x ) ~+ 2(R2 + s$)(L - X I 2  + (R2 
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APPENDIX c 

DERIVATION O F  ANALYTIC EXP�C3SSION FOR SPECULAR-REFLECTION ANALYSIS 

I n  equation (12), an expression for t he  arrival r a t e  passing through a d i f ­
f e r e n t i a l b a n d  on a hemisphere i s  given as 

Consider an annulus located a t  radius  s i n  a plane t ransverse t o  t h e  axis 
of the  bas ic  model, as shown i n  sketch (j). 

Similar t o  t h e  method given i n  the t ex t ,  p a r t i c l e s  leaving the  o r i f i c e  i n  a 
d i rec t ion  Eli a r e  represented by a ray  i n  the  two-dimensional plane. Obviously, 
an i n f i n i t e  number of rays  can pass through the  annulus shown i n  sketch ( j ) .  The 
f l u x  through the  annulus i s  given by the  summation of a r r i v a l  r a t e s  of a l l  these 
rays, divided by the  area of the  annulus: 

-
n 

n ( s  ) =--
25rs(As) 

2 cos ei sin ei(Mi) 
i=1 

To e s t ab l i sh  t h e  s e r i e s  given i n  equation ( C Z ) ,  consider t he  three  possible 
paths t h a t  rays  may take t o  a r r ive  a t  t he  annulus. These a re  shown t y p i c a l l y  i n  
sketch ( j). 

For t he  f i r s t  ray el, 

s i n  = 
S 

d Z - 7  
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The next r ay  e2 f i r s t  s t r i k e s  the  side w a l l  and i s  r e f l e c t e d  through the  
annulus. For t h i s  ray, 

cos e2 = 
L s in  e2 = 

2R - s 

+ L2 d ( 2 R  - s ) +~ L2d ( 2 R  - s ) ~  

(&)cos  e2 -- (As1LA02 = 

+ L2 ( 2 R  - s ) ~+ L2d ( 2 R  - s ) ~  

The t h i r d  ray, �I3, f i r s t  s t r i k e s  the  side w a l l  and i s  r e f l ec t ed  t o  the  axis.  
It then r e - r e f l ec t s  from the  axis and passes through the  annulus. For t h i s  ray, 

cos e3 = 
L s i n  e3 = 2 R +  s 

d ( 2 R  + s)' + L2 d(2R+ s ) +~ L2 

Equation ( C 2 )  can thus be wr i t t en  as 

b2( s )  ( 2 R  - s)(As)L2 + ( 2 R  + s)(As)L2- =-
nL [(ZR - s)' + L"]' [(2R + s)' + .']I" 

( c 3 )  

Equation ( C 3 )  reduces t o  

(c4)  
2Normalized with respect  t o  R and with = ~ 1 ( ~ / 4 ) ( d 1 / 2 ), equation (C4) 

may be wr i t t en  t o  express the  r e l a t i v e  flux r a t io :  
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2a + S(z: 
Inspection of  equation (C5) shows that  t h e  term by term contributions are 

of t h e  order of l/a3, so that only a few terms a r e  needed f o r  accurate solution. 
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TABIZ I. - VALUES OF MTIO TEST 


AND NUMBER OF ITERATIONS 

OF EQUATIONS (6 )  AND ( 7 )  
~. 

Length t o  Ratio& 
radius 

. ,
ra t io ,  

L/R 
~ 

1 0.-992 . 
2 .987 
3 .981 
4 .977 
5 .971 
10 .968 

Number of 
i t e r a t ions  

. . 

20 
20 
20 
80 
60 
20 

%e r a t i o  i s  defined as fol­
lows: 

TABJX 11. - END-POINT VALUES O F  RELATIVE FLUX DISTRIBUTION 

CURVES OF FIGURES 3 t o  5 FOR DIFFUSE-REFlXCTION 

ANALYSIS OF MODEL SHOWM I N  FIGUIiE 2 

Length t o  
radius 
ra t io ,  

L/R 

1 
2 
3 
4 
5 
10 


Open end, 
s I/iQ 

(fig.  4)  

0 . 0 4 3 ~ 1 0 ' ~0 . 1 1 4 ~ 1 0 ' ~  0.108~10'~0.333~10'~ 
,098 .lo8 .131 .254 
.148 . l o 7  .135 .249 
.197 . lo2 .136 .248 
.242 .lo1 .136 .246 
.462 .098 .138 .244 

_ _  . 

Radial, r / R  

1" 


.371 .168 

.461 .213 
.429 

aCorre sponding points. 
%orresponding points. 
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Figure 1. - Electron-bombmdment i o n  t h r u s t o r .  
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1 Orifice 

2 Open end 

3 Side wall 

4 Rear wall 


.Figure2. - Basic model for diffuse- and specular-reflection analyses. 
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.OO( I I 

5 

4 


J II
.00: 
2 

1 

I I 

1.0 	 .8 .G ..1 . 2  0 
Normalized.radial distance, r , /R 

Figure 3. - Relative flux d-istributionalong rear 
mill  of mod.el shown in figure 2 f o r  va-rious 
length to rad ius  ratios. Diffuse-reflection 
analysis. Rsdius of orifice, 0,0476 units. 
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.0021 

0 0011 

.001( 


- - I n f i n i t e  tube d is t r ibu­
t i o n  ( re f .  1) normal­
ized t o  value of 
L/R = 10 a t  ax is

I 


II 

\xis  

. 4  
1.0 08 .6 .2 

Normalized r a d i a l  dis tance,  s / R  

Figure 4. - Relative f l u x  d i s t r ibu t ion  along 
open end of model shovn i n  f igu re  2 f o r  
various length t o  radius  r a t io s .  Diffuse-
re f l ec t ion  analysis.  Radius of o r i f i ce ,  
0.0476 uni ts .  
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2 4 6 8 10 
Normalized axial distance, x/R 

Figure 5, - Relative flux distribution along side wall of 
model shown in figure 2 for various length to radius 
ratios, Diffuse-reflection analysis. Radius of orifice, 
0.0476 units. 
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.04( 

.02( 

Length t o  
radius  r a t i o ,  

.01( 


.OOf 

.OO( 

,004 

.002 
/
/' 

.001 
1.0 .8 - 6  .4 .2 

Normalized r a d i a l  distance,  s / R  

(a)  Various length t o  radius  ra t ios .  
Compare with f igure  4. 

Figure 6. - Relative flux d i s t r ibu t ion  along 
open end of model shovn i n  f igure  2. 
Specular-reflection analysis.  
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--Analytic solu­

tion eq. (~5) 


1.0 .8 .6 .4  .2 
Normalized radial distance, s / R  

(b) Comparison of approximate and analytic

results for a length to radius ratio 

of 5, 


Figure 6. - Concluded. Relative flux distribu­
tion along open end of model shown in fig­
ure 2. Specular-reflectionanalysis. 
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Diffuse

3 

Figure 7. - Comparison of r e l a t i v e  flux d i s t r ibu ­

t i o n  along side w a l l  of model shown i n  f igu re  2. 
Length t o  radius  r a t io ,  4. Diffuse- and spec­
u lar - re f lec t ion  analysis .  
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Figure 8. - Section views of ion-thrustor models 
and mesh overlay f o r  specular r e f l e c t i o n  anal­
ysis. Length, 4; radius,  1. Normalized uni t s .  
Nine equally spaced concentric screen openings, 
0.08 u n i t s  each. 
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Mesh overlay: x-increment 0.4 units; 

r-increment 0.04units 


Figure 8.- Concluded. Section views of ion-thrustor 
models and mesh overlay for specular reflection 
analysis. Length, 4; radius, 1. Normalized units. 
Nine equally spaced concentric screen openings, 0.08 
units each. 
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(a) Normalized axial distance from orifice, 
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Figure 9. - Specular reflection relative radial flux 
distribution at various normalized axial distances 
from orifice for models shown in figure 8. 
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(b) Normalized axial distance from orifice, 2.8 units. 

Figure 9, - Continued. Specular reflection relative radial 
flux distributions at various normalized axial distances 
from orifice f w  models shown in figure 8, 
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(c) Normalized axial distance from orifice, 3.2 units. 


Figure 9, - Continued. Specular reflection relative radial 
flux distributions at various normalized axial distances 
from orifice for models shown in figure 8. 
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(a) Normalized axial distance from orifice, 3.6 units. 


Figure 9. - Concluded. Specular reflection relative radial 
flux distributions at various normalized distances from 
orifice for models shown in figure 8. 
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Figure 10. - Average r e l a t i v e  r a d i a l  f l u x  d is t r ibu t ion  
through screen openings, Models from figure 8. 
Specular re f lec t ion .  
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